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If z is a positive measure, and 4,, ..., 4, are measurable sets, the sequences Sy, ..., S, and
Proy, ..., Pray are related by the inclusion-exclusion equalities. Inequalities among the S, are

based on the obvious Pp,;=0. Letting Mk=Sk/ Z =the average measure of the intersection

of k of the sets A, it is shown that (—1)*4*AZ,=0 for i+ k=n. The case k=1 yields Fréchet’s
inequalities, and k=2 yields Gumbel’s and K. L. Chung’s inequalities. Generalizations are given
involving A-th order divided differences. Using convexity arguments, it is shown that for S,=1,

Sy _ v y v v v v -
SNE(N] when S;=N—1, and [k-l]SNE[N—I]S"'}_(N](k—l]—[N-—l] {k] for 1=k
<N=n and v=0,1,.... Asymptotic results as n—- are obtained. In particular it is shown

N
that for fixed N, Y a;M,=0 for all sequences M,, ..., M, of sufficiently large length if and
i=0

N
only if ¥ a;t'=0 for 0<r=<1.
i=0
Suppose X is a set and p is a nonnegative, finitely additive measure on some

Boolean algebra of subsets of X with p(X)<oo. Let A4, ..., 4, be measurable sets.
Now set

14)) S, = Z pl4;N...N4), 0=k=mn
i< <iy
() Pya= 2 wA4,N..N4,N4;N..N4; ), 0=k=n
i < <y

<. . <ink

By convention, Sy=u(X). The well known inclusion-exclusion relations are

€) Sie = j(,i)f’[i]v 0

i=0

lIA
=~
i
X
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and its equivalent

.t
) Puy =S4 () s, 0

(see Feller [2], p. 96 or Parzen [4], p. 76).
Since Pp=0, eq. (4) yields a system of n+1 inequalities for S;:

i
-~
i
x

©) 0 :_z‘_Z(-l)"“'(li] s} 0o=k=n

Conversely, if a sequence S,, ..., S, satisfies the system (5), then we may
define Py, by (4) and it 1s an easy matter to construct a (finite) space X, a measure ,
and a system of subsets 4,, ..., A, of X for which (1) and (2) hold. Thus the system
(5) characterizes the possible sequences S; arising from (1).

In what foilows, a sequence is understood to be a finite sequence of length
n or n+1 depending on whether we have a O-th term. We use S, ..., S, as a generic
sequence satisfying the system (5).

The system (5), for any fixed », of course implies other inegualities among
the S; which give information on the sizes of intersections of sets. M. Fréchet ([3],
pp. 53—75) gives several such inequalities. For example, Boole’s inequality

(S,=S,—(n—1)S,) shows (for sets) that if Zu(A)>(n—1),u(X) then u(4,N..

.NA,)=0. Other examples include Bonferrom s inequalities and Fréchet’s gene-
rahzatlon of these, Gumbel’s inequalities (generalizing Boole’s) and other inequali-
ties due to Fréchet (see below).

In the present paper we give further inequalities and new derivations of these
results. In section 1, we work algebraically with (5) to derive generalizations of the
above results, In section 2, we proceed geometrically using (3) to obtain other inequa-
lities and asymptotic results as n-»os,

1. M-sequences
In order to investigate the system (5), it is convenient to rescale the sequence

Sos ..., S, and the associated sequence P, ..., Py defined by (4). Define (cf.
Fréchet (3], p. 64)

) M, = Sk/(Z]‘, k=0,.. n
n
) R, = Pm/[k), k=0,..,n.

If 4,, ..., A, are given sets, call any set of the type A, N ...NA4;, (<...<§)
a k-mtersecnon By convention, the only O-intersection is X. Similarly, a k-atom
is a set of the type 4;MN.. ﬂA AN N A, where by, s fis e dper 152
rearrangement of 1, 2 Thus, using egs. (l) and (6), M, is the average mea-
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sure of a k-intersection. Similarly, R, is the average measure of a k-atom. We shail
use My, ..., M, as a generic sequence defined by (6) where, by our convention,
the §; satisfy (5).

1. Definition. An S-sequence 1s a sequence S, ..., S, which satisfies the inequalities
(5). An M-sequence is a sequence M,, ..., M, such that the corresponding sequence
S; defined by (6) is an S-sequence.

Remark. An S-sequence may be prolonged into a larger S-sequence. For example,
using sets 4; as in (1), simply adjoin null sets to the system A;. This is not true for an
M-sequence, since eq. (6) explicitly uses » in its definition. The adjunction of null
sets will, for example, reduce M,, which is the average size of the 4;. On the other
hand, we shall see that we may truncate an M-sequence by omitting its first or its
last terms to obtain a new M-sequence. It turns out to be convenient to use both S-
and M-sequences. Certain results will often look simpler depending on whether
they are expressed in terms of the M, or the §;.

If we use (6) and (7) and substitute into (3) and (4), we obtain by a simple
calculation

(8) Mk:‘zn[”_’,‘)k,. 0:=k = n

= \n—i

k

i

]M,-, 0=k =n

© 2( et

This suggests reversing the order of the M; and the R;.
If a; is any sequence (0=i=n), let us write

a=qa,.,, 0=i=n

for the reversed sequence. It is now an easy matter to verify that (9) becomes
(10) R, =AM;.,, k=0,1,....n

(In terms of the original M; and R,, R, is the k-th backward difference of M, at
i=n.) Since (10) is equivalent to (3), we have

2. Corollary. If M,, ..., M, is an M-sequence, then
an AM; =0 for 0=i+k=n
Equivalently, in terms of M;,
(12 (—DA*M; =0 for O0=i+k=n |}
Thus, the graph of y=M, is nonnegative, decreasing, and convex up.*

This is a consequence of (12) for k=0, 1 and 2. This yields

* Thanks to W. R. Emerson for his suggestion that (12} holds for all k=
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3. Corollary. If M,, ..., M, is an M-sequence,

(13) M; =0, 0si=n
(14 M=M; O0=i<j<n
(15) k—DM; =(k—)DM+({-DM,. O=si<j<k=n ||

Remark. (14) is due to Fréchet. (15) is due to Kai Lai Chung [1], and is a generali-
zation of Gumbel’s inequality which is equivalent to (15) for the case i=0 and
k=n. We can illustrate (15) with a simple example.

4. Example, Suppose p(X)=1 and 4,,...,4, (n=11) are measurable subsets
such that p(4;MA4;)=0.82. Then M;,;=0.01, and hence some 11 of the sets 4;
meet in a set of measure =0.01.

For, we have M,;=1, M,=0.82. Thus, by (15),

(16) 1M, = OM,+2My,
M, = 15(11M54—9M(,) = 0.01.
The one inequality (16) becomes different inequalities in the S; depending

on the value of n, since the S; are normalized differently for different #n. Thus (16)
becomes the series of inequalities

115, _
- 9S°+T (nz=11).
() ()
We shall see later that the lower bound 0.01 for M;, can be improved when n=>11.
Example 4 easily generalizes.

1A

5. Corollary. Suppose M,,. ..., M, isan M-sequence, and that for some k, N with
O<k<N=n we have

M, N—k
Then [
My EI; M.—(N—-k)My). I

We can easily generalize inequalities (14) and (15). For fixed k, we have
A*M,=0. But this implies that the k-th divided difference of M, is non-negative.
Thus we have

6. Corollary. Let M,, ..., M, be an M-sequence. Let 0=i,<...<i,=n. Define
k
d,= [[ lij—i,|. Then

J=0, j#v

(17) é(—l)“ “=0. I
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Remark. Eq. (17) is the straightforward generalization of egs. (13), (14) and (15).
Since it uses only A*M,;=0 for fixed %, it does not give the complete picture for the
relationship between M, ..., M, .

We can use (17) to find 3-term inequalities involving M,, M,, M, for an
M-sequence M, ..., M, (n=2). For, choose N so that 2<N=n. Applying Corol-
lary 6 to the sequence O0<1l<2<N, we have

N N-1T2(N=2) d, ~
Thus

M, 2M, M,
. St T S - 4
N N—1+N 2 =0 for N=3.

This is a sequence of n—2 inequalities on M,, M,, M,, all based upon A?M,éO.
We end this section by considering the Fréchet—Bonferroni inequalities. In

terms of the S, it states that the “tail” in the expansion of Pp; in (4) has the sign of
the leading term:

Z(—l)‘"”(;(] $;=0 for k=r=n
i=¢

Converting to the M-sequence My, ..., M,, this is equivalent to

2( nm[] =0, 0=r=

But this follows easily from (11).

e

2. The Geometry of M-Sequences

For fixed n, the S-sequences are clearly closed under addition and multipli-
cation by nonnegative numbers. Thus, the set of such sequences forms a cone in
R"*1, Similarly for M-sequences M,, ..., M,. It is natural and convenient to norma-
lize by taking S,=M,=1. The set of normalized M-sequences is clearly a closed

n
convex set, contamed n the unit cube. For normalized §;, we have 0=S§;= [z)

7. Definition. The set D,CR” is the convex set of all a=(M,, ..., M,)ER" such

that 1, M,, ..., M, is an Rl-sequence. The set E,&R" is the convex set of all
B=(S;, ..., S,)ER" such that 1,S,,...,S, is an S-sequence.
Let T: R"—~R" be defined by
()]
x|
n

T(x1, .-, Xx,) = ((;Z]XI. (;]xr_»,

Then by definition, we have
E,=TD,; D,=T7'E,
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In what follows, in order to avoid a multiplicity of indices, we use the following con-
ventions. Unless otherwise stated, points are understood to be in R". The index i is
chosen so that 0=i=n. We use v to designate as an integer |=v=n, andifgisa
point we take ¢(v) as the v-th coordinate of .

8. Theorem. Forr O=i=n let the point o; be the point defined by

(18) oi(v) = [\t), v=1..,n
Then E, is the convex span of the points o4, 64, ..., 6,
Remark. ¢,=(0,0,...,0), 6,=(1,0, ..., 0).

Proof. We go to (3). If S,=1, we have, setting k=0 in (3)

"

The remaining equations (k=1,...,n) are simply

(20) (S1, ... 8) = D Py,
=0

Thus, £, is in the convex closure of gy, ..., 0,.

Now if Py, satisfy (19), but are otherwise arbitrary, we may use (20) fo define
S, (I=v=n). Then &, S,, ..., S, (with Sy=1) satisfy eqs. (3) and its inverse (4),
hence (5). Thus, (S,,...,S, 1s in E,, and E, is the convex closure of
Ogs -2 0n- |}

Remark. By (18) the points ¢;=T"'¢; span D,. Explicitly,
o;(v) i(i—=1)..(i—-v+1)
(n] Tan—1D..(n—v+1)

Y

(20 0:i(v) =

If we explicitly want to indicate the dimension n, we write g,=gf and o,=o".

M,
1.0

Q.8

06

04

0.2
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Suppose we wish to find all possible pairs (M;, M,) io a normalized AM-sequ-
ence 1, M,, M,, ..., My, or the possible pairs S,, S, in a normalized S-sequence
with n=>5. We merely project D; (or E;) onto R? to obtain the set D} (or E3) using
the map (x;, x5, X5, X4, Xs)—(x1, X5). Let P; be the projection of g;, and Q; be the
projection of ¢;. Thus, for example,

0 = (i,i(iz—l—)), (i=0,..,5).

Clearly, the Q; span E§, since the a; span E;. By considering the supporting line
0, 0, we may easily obtain S,=5,—1 (Bonferroni’s identity). Similarly, the support
line 0,0, yields S,=28,—S,, etc. We shall generalize this situation below.

The Q;’s all pass through the curve y= (; ] and the P;'s all lie under the curve

v=x% We now analyze this below to get upper and lower bounds for the sets D,
and E,.

9. Definition, Let y=y(t)=y"(¢) (0=t=1) be the curve in R” whose v-th coordinate
is
(22) yrx, =0, v=1,..,n 0

1 1.

IIA

1A

Let 8=6(5)=8"(s) (0=s=n) be the curve in R" whose v-th coordinate
v, (8) 1s

S — =
(23) 5: .vv(s>={[v]-‘ voh=ssn
0, O=s=v—1I.

We shall use the convention that (‘:):0 for real s satisfying O0=s=v—1.
Thus we can simply write yv(s)z[i), O=s=n_We have agreement for integer

g .
5s=0, and we now also have (v] =0 for 0=s=n. We use Cl 4 to denote the convex
closure of a set A.

10. Theorem. Cly< D,; E, S Cl 6.

Proof. For 0=r=1, the (infinite) sequence a=1,¢ 13, ...,¢" ... satisfies —Aa=
=(—¢t)a. Thus, (=1 4*a=(1—1)*«=0. Hence 1,¢,...,¢" is a normalized M-
sequence, and (¢, 2, ..., £)¢D,. This is simply y(f)E D,. Taking closures we get
the first inclusion.

By Theorem &, oy, ..., o, span E,. But o';(v)=(‘l,]=yv(i) by (18) and (23).
Thus,
(24) o; = o{i)

and o0;€6. Since the ¢; span E,, we get the second inclusion by taking clo-
sures. |
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We now project (xy, ..., X,)—(X,, xy) to find the image of E, in the plane.
Using supporting lines we easily obtain:

11. Corollary. Let 1=S,,S,, ..., S, be an S-sequence. Let | <N=n and S;=
=N—1. Then if o=[S,], we have

@5) sv=e+1-5)(F)+s-a(%y).
@6) Sy = (f\;]
@7 sN—(N"_l]s,; []‘:[]-v(N"_]], w=01,.) 1

Inequality (26) is strict unless S, 1s an integer.
Inequality (25) cannot be improved; i.e. equality is always possible.

Remark. Fréchet [3] gives (26) for N=2 by a different method. (27) becomes Bon-
ferront’s identity S,—S;+S,=0 for N=2,v=1.
Similarly, by projecting (x,, ..., x,)—(x;, Xy) Wwe obtain:

12. Corollary.¥Let S,,..., S, be a normalized S-sequence and let 1=k<N=n.
Then, for v=0,1,2,..., we have

(28 (kil)s” = (N‘)—I]Sk+[1‘:’) (kil]“(Nil]{':]'

Equality in (28) is attainable if (Z) = Ské(v —1: 1}. Otherwise this is strict inequality.

For example, in Example 4 we had M,;=0.82 and we showed (independently
of n=11) that M,;=0.01. We can get a better lower bound for M,, depending
on n. For example, if n=13, we have SQ:[IZ?’) M,=63.96. Choosing S5,=63.96,

we have (lzl]észé(lzz]. Inequality (28) for v=11 shows that $,,=9.96 and

hence M, = =0.1276..., with equality possible for n=13. In general, as we

650
see below, the lower bound b, for M;; will increase with n, for fixed M,, and b,—~
—~(M,)"V2, Thus, regardless of the size of n, we will have b,<(0.82)11/2=0.335....
We now consider such asymptoiic results.

13. Lemma. Let 1=N=n andliet (M,,...,M)D,. Thenif M,=

, we have

MYT(A-MyN® _ .y N
2(n—N) =Y 4(=N)

29 My = M —
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Proof. By Corollary 11, S_\yzn(']%]. But SNz(]’:]) M, and S,=nM,. Thus,

(1’:/*] My = ["?vll)’

nMy(nM;—1)...(nM,—N+1)

My = n(n—1)...(n—N+1)

if nM;=N—-1. Now set

x(x—é]...(x—_i;i] E
RS N

R
THl-x)NE N
W T 4(m=NY

(30) Ilx) =

It suffices to show that

€3] fu(x) = x"—

I|/
=

We estimate fy(x) by noting that

7] i(l1—x)
; X—-- — .
i n—i

Thus,
Inx) = [][x— M] =z x¥ XN l(l—x)Z' —

i=o n—i o n—i

by induction on N. But

" tdt [ N] N
hn o n—i f n—t =—nlog 1_71— N = 2(n—N)

using a simple power series estimate for —log (1 —x). This proves the first of the
inequalities (31). Using calculus, we have x"~!(l—x)=1/2N (0=x=1). This is
the rest of the inequality. |}

Remark. Thus, for any ¢=0, if 112N(l+%J, and n=(N—1)/M, we bave My=

=M —¢.
14. Theorem. Ler N=n and let I%: R*—R" be the projection map given by
m(xy, ..., x)=(xy, .., xpn). Let D%=I%D,. Then the sequence D} is a strictly



224 M. HAUSNER

monotonic decreasing sequence of sets with

(32) N Dy = Cly".
nzN

Proof. If M,, ..., M,,, is an M-sequence, then so is M,, ..., M,. Thus, the sets
D% decrease. The point a=(1/n,0, ..., 0)¢RY isin D} since a=I1%o}. But ad¢ D!
since the (n+ 1)-st difference of O, ..., 0, 1/n, 1 is negative. Thus DY strictly decrease.

Since D, is spanned by gy, ..., ¢,, D} is spanned by IT% g;= P,6R¥. By (21),

the k-th coordinate of P; is f; (%] , where f,=/, , is the function defined in (30) for

0=x=1. But by (31), fi(x)—~~* uniformly for 0=x=1 as n—-= for k=1, ..., N.

A

i

Thus, for any =0, ‘P,-—y” % <¢ for sufficiently large #» and O0=i=n. Thus, all

generators of DY are within ¢ of the curve y¥ for n sufficiently large. This proves

32. 1
Remark. The estimate (31) shows that /1:0(%] is sufficient to insure that all

points of D} are within & of Cly~.
We use Theorem 14 by giving some asymptotic inequalities for M-sequences.

15. Definition. If f(7)=da,+a;t+...+ayt® is a polynomial of degree =N, we
write /p(xX)=dg+ax;,+...+ayx, for x=(x,, ..., xy)ERN.
Thus, by definition of y¥(¢), we have

(33) LY 0) = 0.

16. Corollary. Let f(¢) be a polynomial of degree =N. Then DY is contained in the
halfspace 1,(xX)=0 for sufficiently large nif and only if f(t)=>0 for O<r=1.

Proof. Necessity. By the proof of Theorem 10, if 0<#,=<1, all differences of the se-
quences §, 1871, ..., 1, | are strictly positive, and so y(#,) is in the interior of D}.
Thus, if D} is contained in the half plane /,(x)=0, we have /,(y(7,))=0 or by (32),
() =0 for O=<t,<I.

Sufficiency. We first observe that if DY, is contained in the half space /;(x)=0 then
D3+t is contained in the half spaces [,(x)=0 and /,(x)=0 where g(t)=¢f(¢)
and Ah(+)=(1—1r)f(r). Thisisa simple consequence of the fact that if (M, ..., M,.,)
is an M-sequence, then so are (M, ..., M,. ) and (—4M,, ..., —4AM,). Now sup-
pose f(1)=0 for O0<t<1. By factoring out powers of 7 and (1), we have f(1)=
=t"g(t)(1 — 1) where g(1)=0 for 0=r=1. Suppose g(s)=s=0 in this inter-
val. Thus, L,(y¥(t))=g(t)=¢ by (33) and, by Theorem 14, D5 is in the half space
I,(x)=0 for sufficiently large n. By the above observations, Dy is in the half space
I;(x)=0 for large n, since f(r}=t"1g(t)(1 —¢)*.. This completes the proof. §

Remark. Corollary 16 gives all possible linear inequalities on a fixed number of
terms M,, ..., My which are valid for all M-sequences of sufficiently large length.
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For example, IM,+ M,=5M,+5M, for all M-sequences of sufficiently large length,
since —5t3+9¢2—5¢r+1 satisfies the hypothesis of this corollary. This inequality
1s not true, for example, for the M-sequence 1, 1/3, 0, 0.

Finally, by projecting (x,, ..., x,)—(x;, xy), Theorem 14 gives

17. Corollary. Letr 1<k=N and ¢=0. Then for n sufficiently large,

N/k
My = MM ¢ |
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