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ff/t  is a positive measure, and A~, ..., Am are measurable sets, the sequences So, ..., S. and 
Ptoj . . . . .  Pt,J are related by the inclusion-exclusion equalities. Inequalities among the S~ are 

based on the obvious Ptm_~0. Letting Mk=Sk/[~]=the average measure of the intersection 

of k of the sets A~, it is shown that (--1)k,ffkM~ =>0 for i+k~n. The case k = l  yields Fr~chet's 
inequalities, and k = 2  yields Gumbel's and K. L. Chung's inequalities. Generalizations are given 
involving k-th order divided differences. Using convexity arguments, it is shown that for So= 1, 

SN~f)~} when S~_~N-l ,  and fkV_.l)S~,t~_(NVl)S~+[~q)[kV__l)-[NVl)(Vk) for l_~k< 
< N ~ n  and v=0,  1, .... Asymptotic results as n ~  are obtained. In particular it is shown 

that for fixed N, ~ a~M~_O for all sequences Mo, . . . ,M.  of sufficiently large length if and 
t = o  

only if ~ a~t~>O for 0 < t < l .  
i = 0  

Suppose  X is a set a n d  # is a n o n n e g a t i v e ,  f ini tely add i t ive  m e a s u r e  o n  s o m e  
Boo lea n  a lgebra  o f  subse ts  o f  X wi th  p ( X ) <  oo. Let  A1, . . . ,  A ,  be  m e a s u r a b l e  sets. 
N o w  set 

(1) s~= ~ '  ~(A~N...~A 0, 0~_k~n 
i l < . , . < i k  

(2) Ptk] = ~ / I ( A ~ I N . . . N A ~ N , , I i  N . . . fq ,4 j ,_~) ,  0 M k ~ n. 
i I < .. .  < i  X 

i ,< ... <J,-k 

By c o n v e n t i o n ,  S 0 = # ( X ) .  The  well  k n o w n  inc lus ion -exc lus ion  r e l a t ions  a re  

(3) Sk = k P tq ,  0 ~  k ~ n 

AMS subject classification (1980): 05 A 20, 05 A.05. 
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and its equivalent 

i 
O ~ k - ~ n  

(see Feller [2], p. 96 or Parzen [4], p. 76). 

Since Ptk]->__0, eq. (4)yields a system of  n + l  inequalities for S;: 

) i+k( i )  (5) 0_~ .~ ( -1  S~, O_<-k~..  
i k 

Conversely, if a sequence So . . . . .  S,, satisfies the system (5), then we may 
def ine Ptkl by (4) and it is an easy matter to construct a (finite) space X, a measure p, 
and a system of  subsets A1 . . . . .  A, of X for which (1) and (2) hold. Thus the system 
(5) characterizes the possible sequences S~ arising from (1). 

In what follows, a sequence is understood to be a finite sequence of  length 
n or n +  1 depending on whether we have a 0-th term. We use So . . . . .  S,, as a generic 
sequence satisfying the system (5). 

The system (5), for any fixed n, of course implies other inequalities among 
the S~ which give information on the sizes of  intersections of sets. M. Fr~chet ([3], 
pp. 53--75) gives several such inequalities. For  example, Boole's inequality 

n 

( S , > = S I - ( n  - 1)So) shows (for sets) that if ~ ' p ( A 3 > ( n -  1)p(X) then #(AxN.. .  

. . .NA, )>0 .  Other examples include Bonferroni's inequalities and Fr6chet's gene- 
ralization of  these, Gumbel 's inequalities (generalizing Boole's) and other inequali- 
ties due to Fr~chet (see below). 

In the present paper we give further inequalities and new derivations of  these 
results. In section 1, we work algebraically with (5) to derive generalizations of  the 
above results. In section 2, we proceed geometrically using (3) to obtain other inequa- 
lities and asymptotic results as n - - ~ .  

1. M-sequences  

In order to investigate the system (5), it is convenient to rescale the sequence 
So . . . .  , S, and the associated sequence Pt0~ . . . . .  Pt,o defined by (4). Define (of. 
Fr6chet [3], p. 64) 

S If nit (6) Mk = ~l[1,:)' k = 0, ..., n; 

/{n) k = O, ti. (7) Rk = Ptkl k ' ' " '  

If  A a . . . . .  A, are given sets, call any set of the type A~aN... NA~ k ( ix<. . .<ik)  
a k- in tersec t ion .  By convention, the only 0-intersection is X. Similarly, a k - a t o m  
is a set of  the type AitN...fqAikN.4j~N ... 0 . ~ . _ ~  where ix, . . . ,  ik , j ' l  . . . . .  Jn-k  is a 
rearrangement of  1,2, ..., 11. Thus, using eqs. (1) and (6), M k is the average  mea-  
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sure o f  a k-intersection. Shnilarly, R k is the a~;erage measure o f  a k-atom. We shall 
use M 0 . . . . .  M,  as a generic sequence defined by (6) where, by our convention, 
the St satisfy (5). 

1. Definition. An S-sequence is a sequence So . . . . .  S, which satisfies the inequalities 
(5). An M-sequence is a sequence M0 . . . . .  M,  such that the corresponding sequence 
Si defined by (6) is an S-sequence. 

Remark. An S-sequence may be prolonged into a larger S-sequence. For  example, 
using sets At as in (1), simply adjoin null sets to the system A i. This is not true for an 
M-sequence, since eq. (6) explicitly uses n in its definition. The adjunction of  null 
sets will, for example, reduce M~, which is the average size of  the A,. On the other 
hand, we shall see that we may truncate an M-sequence by omitting its first or its 
last terms to obtain a new M-sequence. It  turns out to be convenient to use both S- 
and M-sequences. Certain results will often look simpler depending on whether 
they are expressed in terms of  the M~ or the St. 

I f  we use (6) and (7) and substitute into (3) and (4), we obtain by a simple 
calculation 

n 

(8) Mk = i=~'~[n--i) " 0 ~ k -  n; 

" t / (9) R k =  ~ ( - - 1 )  i+k n - k  M,-, 0 : :  k ~ n. 
k=0 ~,n - i I 

This suggests reversing the order of  the Mi and the R~. 
I f  ai is any sequence (O~ i~n ) ,  let us write 

'~i = a , -1 ,  0 ~ i ~ 11 

for the reversed sequence. It is now an easy matter to verify that (9) becomes 

(10) Rk = AkM~lt=0, k = 0, 1 . . . . .  n. 

(In terms of the original M i and Rt, Rk is the k-th backward difference of Mt at 
i=n. )  Since (10) is equivalent to (3), we have 

2. Corollary. I f Mo . . . . .  M ,  is an M-sequence, then 

(11) AkMt -~ 0 for  0 ~ i + k  ~ 17 

Equivalently, in terms o f  Mr, 

(12) ( -1)kAkMt  ~ O .[or O ~ i + k  ~ n. | 

Thus, the graph of y = M  k is nonnegative, decreasing, and convex up.* 
This is a consequence of  (12) for k = 0 ,  1 and 2. This yields 

* Thanks to W. R. Emerson for his suggestion that (12) holds for all k~lt. 
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and its equivalent 

i 
O ~ k - ~ n  

(see Feller [2], p. 96 or Parzen [4], p. 76). 
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ties due to Fr~chet (see below). 
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results. In section 1, we work algebraically with (5) to derive generalizations of  the 
above results. In section 2, we proceed geometrically using (3) to obtain other inequa- 
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If  A a . . . . .  A, are given sets, call any set of the type A~aN... NA~ k ( ix<. . .<ik)  
a k- in tersec t ion .  By convention, the only 0-intersection is X. Similarly, a k - a t o m  
is a set of  the type AitN...fqAikN.4j~N ... 0 . ~ . _ ~  where ix, . . . ,  ik , j ' l  . . . . .  Jn-k  is a 
rearrangement of  1,2, ..., 11. Thus, using eqs. (1) and (6), M k is the average  mea-  
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Remark. Eq. (17) is the straightforward generalization of  eqs. (13), (14) and (15). 
Since it uses only AkMl>-O for  fixed k, it does not give the complete picture for the 
relationship between M~o . . . . .  M~. 

We can use (17) to find 3-term inequalities involving Mo, M a , M 2  for an 
M-sequence M0 . . . . .  M,  (n=>2). For, choose N so that 2<N~=n. Applying Corol- 
lary 6 to the sequence 0 < l < 2 < N ,  we have 

Thus 

Mo M1 Mz M s  >= O. 
2N N - I  -t 2 ( N - 2 )  d~ 

Mo 2M1 NM2 ~ - - N _ ~ +  ->0 for N----3,4 . . . . .  n. 

This is a sequence of  n--2  inequalities on M0, Ma, 2142, all based upon AaM~_~O. 
We end this section by considering the Fr6chet--Bonferroni inequalities. In 

terms of  the S,, it states that the "tai l"  in the expansion of  Pt~J in (4) has the sign of  
the leading term: 

n 

i= ,  I,k) 

Converting to the M-sequence M 0 . . . . .  M,,, this is equivalent to 

~ ' ( -  l) '+' ~ ,  
i=O 

But this follows easily from (11). 

~ 0 ,  O ~ _ t - ~ k .  

2. The Geometry of M-Sequences 

For fixed n, the S-sequences are clearly closed under addition and multipli- 
cation by nonnegative numbers. Thus, the set of  such sequences forms a cone in 
R "+1. Similarly for M-sequences M0 . . . . .  M,,. It is natural and convenient to norma- 
lize by taking S 0 = M 0 =  1. The set of  normalized M-sequences is clearly a closed 

convex set, contained in the unit cube. For  normalized Si,  we have 0=<Si=[ i~ .  

7. Definition. The set D , , ~ R "  is the convex set of  all ~=(M1,  ..., M,,)ER" such 
that I, M1 . . . . .  M,  is an M-sequence. The set E,,C=R" is the convex set of  all 
f l=(Sa . . . . .  S, )ER" such that I, $1 . . . . .  S, is an S-sequence. 

Let T: R"~R"  be defined by 

ll"l (xt lol./ T (xl ,  ... , x,,) = 1 xa. x . .  . . . . . .  n x . 

Then by definition, we have 

E, = TD,;  D,, = T-aE, , .  
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In what follows, in order to avoid a multiplicity of  indices, we use the following con- 
ventions. Unless otherwise stated, points are understood to be in R". The index i is 
chosen so that O<=i<=n. We use v to designate as an integer l~v<=n, and i f 0  is a 
point we take o(v) as the v-th coordinate of  0. 

8. Theorem. For O<=i~n let the point cr~ be the point defined by 

(18) cq(v) ( i )  = , V = l ,  . . . ,  n .  
V 

Then E,, is the convex span o f  the points no, a 1 . . . . .  ~r,. 

Remark.  % = ( 0 ,  0 . . . . .  0), a l = ( l ,  0 . . . . .  0). 

Proof.  We go to (3). I f  S 0 = l ,  we have, setting k = 0  in (3) 

(19) 

The remaining equations 

(20) 

1 = P t o ] + . . . + P t , ] ,  Pt~] ~ O. 

( k = l  . . . . .  n) are simply 
tt 

(& . . . . .  &)  = ~ '  Pt,l a~. 
i = O  

Thus, E, is in the convex closure of  a0 . . . . .  a , .  
Now if Pt~J satisfy (19). but are otherwise arbitrary, we may use (20) m define 

S,. ( l ~ v ~ n ) .  Then So, St . . . . .  S , ( w i t h  S 0 = l )  satisfy eqs. (3) and its inverse (4), 
hence (5). Thus, ($1, . . . ,S , )  is in E,,. and E,, is the convex closure of  
a o . . . . .  a , .  | 

Remark. By (18) the pob~ts oi=T-'cri  span D,. Explicitly, 

(21) o , ( ~ ) -  ~,(v) 

("1 
; ( ~ -  l) ... ( / -  ,, + l) 

n ( n - I ) . . .  ( n - v+ i ) '  

If  we explicitly want to indicate the dimension n, we write &=O~' and a~=a~'. 

o.e-- 

Ot - ~ y  = x ~ 

0,2 

o f I,,. 
oTz o.~ 0.6 0.8 to 

MI 

8 ~ _ E?_ J 

2 . J Q 3  

~ 2 3 4 5 -  
sj 
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Suppose we wish to find all possible pairs (M~, Mz) in a normalized M-sequ- 
ence 1, Mx, 5/2 . . . . .  M~, or the possible pairs Sx, $2 in a normalized S-sequence 
with n=5 .  We merely project D5 (or Es) onto R 2 to obtain the set D~ (or E~2) using 
the map (x~, x~, x3, x4, xs)~-~(Xl, xz). Let P~ be the projection of ~i, and Qi be the 
projection of  a~. Thus, for example, 

Q i =  i, 1)  , (i = 0 , . . . , 5 ) .  

Clearly, the Q~ span E~, since the tr~ span E.~. By considering the supporting line 
Q~Q2 we may easily obtain S,>=S~ - 1 (Bonferroni's identity). Similarly, the support 
line Q2Q3 yields $2>-_2S~-S.~, etc. We shall generalize this situation below. 

The Q/'s all pass through the curve y = { ~ ) a n d  the Pi's all lie under thecurve  

v = x  "~. We now analyze this below to get upper and lower bounds for the sets D.  
and E,,. 

9. Definition. Let l ,=~,( t)=y"(t)  (O<=t ~ _ 1) be the curve in R" whose v-th coordinate 
is 

(22) 7: xv = t ~', v = l . . . . .  n; 0 ~ t N 1. 

Let 
y,.(s) is 

6 = 6 ( s ) = f " ( s )  (O~_s<-_n) be the curve in R" whose v-th coordinate 

f l ' s~ 
(23) 6: y~ , ( s )= / [~ ) ,  v - I  ~ s ~ n  

~O, O ~ s - _ - ~ v - - l .  

) = 0  s for real O<=s~v - 1 We shall use the convention that v s satisfying 

Is [  0-<~-<,, We have agreement for Thus we can simply write yv(s )=  v . . . . . . .  integer 
X J 

s ~ 0 ,  and we now also have v ~ 0  for 0~s~<n. We use Cl A to denote the convex 

closure of  a set A. 

10. Theorem. C1 ~ c__ D,,; E, c_ CI 6. 

Proof. For  0-<t <- 1, the (infinite) sequence ~z= 1, t, t 2 . . . . .  t", ... satisfies - d ~ =  
=(1- t )c~ .  Thus, (--1)kAk~=(1--t)kC~_-->0. Hence l , t  . . . . .  t" is a normalized M- 
sequence, and (t, t 2 . . . . .  t")6D n. This is simply 7(t)C=D,. Taking closures we get 
the first inclusion. 

( } = y ~ ( i )  i by (18) and (23). By Theorem 8, ao . . . . .  or, span E,,. But ai(v)= v 

Thus, 

(24) cr~ = 6(0  

and crib6. Since the a,. span E, ,  we get the second inclusion by taking clo- 
sures. 
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We now project (xa . . . . .  x,),-~(x,, XN) tO find the image of  E, in the plane. 
Using supporting lines we easily obtain: 

11. Corollary. Let  l=S0 ,  S , ,  . . . ,  S ,  be an S-sequence. Let ! < N < = n  and $1 ~_ 
~ _ N - 1 .  Then i f  o=[SI] ,  we have 

(25) 

( ' )  / ' )  .... (27) S ~ -  N - 1  S~=> - v  N I 

Inequality (26) is strict unless $1 is an integer. 
Inequality (25) cannot be improved; i.e. equality is always possible. 

Remark. Fr6chet [3] gives (26) for N = 2  by a different method. (27) becomes Bon- 
ferroni's identity S2-SI+So>=O for N = 2 ,  v = l .  

Similarly, by projecting (x~ . . . . .  x,)~-~(xk, xN) we obtain: 

12. Corollary.TLet So . . . . .  S, be a normalized S-sequence and let l<=k<N<-n. 
Then. for v =0,  1, 2 . . . . .  we ha~,e 

For example, in Example 4 we had M~->_0.82 and we showed (independently 
of  n=>ll) that Ml1=>0.01. We can get a better lower bound for M n  depending 

on n. For example, if n=13,  we have Choosing $2=6z96 ,  

we have [1~1~$2<=[12x I .  Inequalit3~ (28) fo r  v = l l  shows that Sn=>9.96 and 

83 
hence Mn=>~--~ =0.1276 .... with equality possible for n=13.  In general, as we 

see below, the lower bound b, for M ~  will increase with n, for fixed Ms, and b,,-,- 
-~(M2) hI2. Thus, regardless of  the size of  n, we will have b,<(0.82)a~/~=0.335 .... 
We now consider such asymptotic results. 

N - 1  
13. Lemma. Let l ~ N ~ n  andlet (M1 . . . . .  M,)ED,,. Then( f  Ma>= , wehave 

n 

(29) ~t,, ~ M~ M ~ - i C l - M O N 2  U 
2(n-N)  ~ M~ g ( n - N )  " 
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, . , oo ,  . y  ,:oro.ary , ,  . u t  an,, 

if n M , ~ N - I .  

M N 

Now set 

r i M ,  ( r i M  1 --  1)... (riM, -- N + 1) 

n (n - 1 ) . , . ( n -  N +  1 ) 

It suffices to show that 

(31) /N(x )  ~ x r' xN-I ( I - -x )N 2 XN - N 
2(n-- N) ~ 4 ( n - N ) "  

We estimate .[;.(x) by noting that 

Thus, 

i 
X - - - -  

II 
- -  X 

i 
] - - - -  

11 

i(1 --x) 
Iz  - -  i 

; ' ¢ - 1  i N- ' t  i ( l - - x ) ]  x ~ x~._ 1 
f,v (x) = i=/I ° Ix ~ i ! ~ - (1 -- x)i=oZ n -- i 

by induction on N. But 

N--I i / - :~ - -  -- nlog(  - - n ) l  N --N=~ 2(nN~N) 
i=o n - - i  o n - t  

using a simple power series estimate for - l o g  ( l - x ) .  This proves the first of the 
inequalities (31). Using calculus, we have x N - ' ( I - - x ) ~ I / 2 N  (0<--x -< 1). This is 
the rest of the inequality. I 

Thus, for any e,>0, if n : - = N { l + l } ,  and n ~ ( N - 1 ) / t 1 , 1 I  we have MN-~ R e m a r k .  

:=~ .M~' - - 8 .  
14. Theorem. Le t  N ~ n  and let 1-I~" R ~ R  N be the project ion map  given by 
l l 'k(x ,  . . . . .  x , )=(x l  . . . . .  XN). Le t  D~.=I I~D, , .  Then the sequence D~. is a strictly 
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monotonic decreasing sequence o f  sets with 

(32) N D~ = ClyN. 
n>=N 

Proof.  I f  Mo . . . . .  M,,+1 is an M-sequence, then so is Mo . . . . .  M, .  Thus, the sets 
D} decrease. The point c~=(l/n, 0 . . . . .  0)ER N is in/~N since c~=H}~oT. But c~¢/~N +1 
since the (n+ 1)-st difference of  0 . . . . .  0, 1/n, 1 is negative. Thus DTv strictly decrease. 

Since D, is spanned by Po . . . . .  ~o,,, D} is spanned by H'~Q~=P~ER ~'. By (21), ('/ the k-th coordinate of  Pi is.~ n ' wherefk=.~,,, is the function defined m (30) for 

0~<x ~- 1. But by (31), ./'k(X)~X k uniformly for 0 g x ~  I as n . . . .  for k =  I . . . . .  N. 

Thus, f o r any  e>0 ,  P i - 7 " / @ J  <e  for sufficiently large n and 0 ~ i ~ n .  Thus, all 

generators of  D} are within e of  the curve ,,r ~' for n sufficiently large. This proves 
(32). I 

Remark. The estimate (31) shows that n = O l ~  j is sufficient to insure that all 

points of DX, are within e of  CI y~. 
We use Theorem 14 by giving some asymptotic inequalities for M-sequences. 

15. Definition. If f ( t )=ao+axt+. . .+a~. t  '~' is a polynomiat of  degree ~N ,  we 
write l~-(x)=ao+a~x~+...+asx, for x=(x~ . . . . .  x~)~R ~. 

Thus, by definition of  ;~(t) ,  we have 

(33) /:(7 u (t)) = ./'(t). 

16. Corollary. Let f ( t )  be a polynomial o f  degree ~N .  Then D'~. is contained hz the 
tutlf space I:(x)>=O .for sufficiently large n i f  and only ( f  f ( t )>O for  0 < t <  1. 

Proof. Necessity. By the proof of  Theorem 10, if 0 < t 0 <  1, all differences of  the se- 
quences ,u ,N-a • o, -o . . . . .  to, ! are strictly positive, and so 7(t0) is in the interior of/~N. 
Thus, i fD~ is contained in the half plane lr(x)~O, we have l:(r(to)) > 0  or by (32), 
f ( t 0 )>0  for 0 < t 0 < l .  

Sufficiency. We first observe that if/~N is contained in the half space l ; (x)~O then 
D~ +1 is contained in the half spaces Ig(x)~O and ll,(x)~O where g( t ) - - t f ( t )  
and h (t) = (1 - t ) f( t) .  This is a simple conseq uence of  the fact that if (M 0 . . . .  , M,  + 1) 
is an M-sequence, then so are (M1 . . . . .  M,+I) and ( - A M  o . . . . .  - A M , ) .  Now sup- 
pose f ( t ) > 0  for 0 < t <  1. By factoring out powers of  t and (1 - t ) ,  we have f ( t ) =  
= t N , g ( t ) ( l - t )  N, where g ( t ) > 0  for 0 ~ t ~ l .  Suppose g ( t ) ~ > 0  in this inter- 
val. Thus, l.o(TN(t))=g(t)~e by (33) and, by Theorem 14, D~,. is in the half space 
Ig(x)~0 for sufficiently large n. By the above observations, D~ is in the half space 
l : ( x ) ~ 0  for large n, since f(t)=t.~,g(t)(1--t)m-. This completes the proof. I 

Remark. Corollary 16 gives all possible linear inequalities on a fixed number of  
terms Mo . . . . .  MN which are valid for all M-sequences of  sufficiently large length. 
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For example, 9M~ + M0->-5M~ + 55/1 for all M-sequences of sufficiently large length, 
since - 5 t z + 9 t 2 - 5 t + l  satisfies the hypothesis of this corollary. This inequality 
is not true, for example, for the M-sequence 1, 1/3, 0, 0. 

Finally, by projecting ( :q ,  . . . ,  X,,)~-~(Xk, X,~), Theorem 14 gives 

17. Corollary. Let l < k ~ - N  and e>0.  Then for n sufficiently large, 
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